For q > 2, Carlitz proved that the group of permutation polynomials (PPs) over F q is generated by linear polynomials and x q−2 . Based on this result, this note points out a simple method for representing all PPs with full cycle over the prime field F p , where p is an odd prime. We use the isomorphism between the symmetric group S p of p elements and the group of PPs over F p , and the well-known fact that permutations in S p have the same cycle structure if and only if they are conjugate.
Introduction
For pseudorandom number generation, one of the important problems is to generate sequences with long periods. A sequence (s n ), which is recursively defined by the formula s n+1 = ψ(s n ) with an initial value s 0 , will be a purely periodic sequence when ψ is a PP over the finite field F q with q = p r elements where p is a prime and r ≥ 1. The period length of (s n ) equals the length of the cycle in which the initial value s 0 lies in the permutation induced by ψ. The maximal possible period q for (s n ) will be achieved, if ψ corresponds to a PP with full cycle. Note that we use the term PP with full cycle for a PP which induces a full cycle permutation.
For q ≥ 2, PPs over F q form a group under composition and reduction modulo x q − x and this group is isomorphic to the symmetric group S q . In [1] , Carlitz proved that any transposition (0a), for a ∈ F * q , q > 2, can be represented by the polynomial
which shows that any PP over F q is of the form
for some n ≥ 1 and a 0 , a 1 , · · · , a n+1 ∈ F q with a 0 = 0 or a linear polynomial
. The cycle structure of PPs given as in (1) was studied in [2] and also some conditions for obtaining PPs with full cycle were determined.
In this note, we characterize all PPs over F p with full cycle, where p is an odd prime, in terms of the representation as in (1) . As far as we know, no complete characterization of full cycle permutations was given in terms of PPs before.
For the following parts, we will denote the cycle decomposition of a permutation P, which can be expressed as a product of disjoint cycles as
Main Result
The result of this note is based on the cycle decomposition of the permutations induced by linear polynomials and the following well-known proposition, for which we refer to Section 4.3 of [3] . Proposition 2.1. Two elements of S q are conjugate in S q if and only if they have the same cycle structure.
Note that for the linear polynomial
, the cycle decomposition is given by
where k denotes the order of c in F * q .
In order to use the previous proposition, we need a representation for the PP which induces the inverse of a given permutation. For the linear polynomial P 0 (x), the inverse is given by P
In the following parts, we assume q = p r , r ≥ 1, and q > 2.
where a 0 ∈ F * q , a 1 , a 2 , · · · , a n+1 ∈ F q , n ≥ 1. Then the coefficients of
are given by
if n is even.
Proof :
We can write (
if n is even, and as
when n is odd. We only consider the case where n is odd since the case when n is even can be proved similarly. If we set
then it is easy to see that (P n • P −1 n )(x) = x by inserting the coefficients b i , i = 0, 1, · · · , n + 1, to the previous equation.
The following theorem gives a complete description of the PPs over F p with full cycle. Theorem 2.3. Let p be an odd prime, P 0 (x) denote the linear polynomial of the form
p , and P 2n (x), n ≥ 1, denote a PP of the form
is a full cycle if and only if it has a representation as P(x) = P 2n (x) for some n ≥ 0.
The linear polynomial x + d ∈ F p [x] with d = 0 corresponds to a permutation with full cycle and one can write any PP with full cycle as a conjugate (P n • (x + d) • P −1 n )(x) by using some
Here, we only consider the case when n ≥ 1 is even, the case where n is odd can also be dealt with similarly and the case n = 0 gives rise to linear PPs which are a full cycle. Let
If n ≥ 2 is even, then we have
Note that the coefficients of the resulting PP satisfy the conditions of the theorem.
Conversely, for any given PP of the form P 2n (x), we can find the linear polynomial x + d and the PP P n (x) such that P 2n (x) = P n (x)
n (x) by tracing back the previous part of the proof.
Remark 2.1. The kth iterate of P 2n (x) ∈ F p [x] is easily seen to be
giving the elements of the Sylow p-subgroup generated by P 2n (x).
In terms of applications, PPs with full cycle are certainly the most interesting case. However by using Proposition 2.1, and the isomorphism between the group of PPs over F q and the symmetric group S q , it becomes easy to represent permutations in S q having the same cycle structure as one of the linear polynomials. We give the representation of such polynomials without a proof, since the calculations are easy but rather long.
with the coefficients
for 1 ≤ i ≤ n and i is odd, c −1 a i for 1 ≤ i ≤ n and i is even, a n+1
for i = n + 1, −a 2n+2−i for n + 2 ≤ i ≤ 2n + 1,
for some c ∈ F * q and a 1 , a 2 , · · · , a n+1 ∈ F q . By Proposition 2.1 and Lemma 2.2, any permutation of S q having the same cycle decomposition as the linear polynomial P 0 (x) = cx + d can be represented as in (3) for some n ≥ 0. Furthermore, the kth iterate of P 2n (x) is 
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